AN INTERPOLATING CURVATURE CONDITION 
PRESERVED BY RICCI FLOW 
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Abstract. In this paper, we firstly establish an Interpolating curva- 
ture invariance between the well known nonnegative and 2-non-negative 
curvature invariant along the Ricci flow. Then a related strong maxi- 
mum principle for the (Ai, A2)-nonnegativity is also derived along Ricci 
flow. Based on these, finally we obtain a rigidity property of manifolds 
with (Ai, A2)-nonnegative curvature operators. 



1. Introduction And The Main Results 

One of the basic problems in Riemannian geometry is to relate curvature 
and topology (see [1] , [2] , [3] and [4] ) . In [5] Bohm and Wilking have proved 
that n-dimensional closed Riemannian manifolds with 2-positive curvature 
operators are diffeomorphic to spherical space forms, i.e., they admit metrics 
with constant positive sectional curvature. One of the key points of their the- 
orem is that the 2-positive or 2-nonnegative curvature condition is preserved 
by the Ricci flow. 

Recall that the Riemannian curvature tensor is defined by 

Rm (X, Y)Z = Vx^yZ - VyV^Z - V [xy] Z. 

The Riemannian curvature operator, denoted by TZ, is the symmetric bilinear 
form on A 2 TM (or self-adjoint transformation of A 2 TM) defined by 

TZ (XAY, ZAW) = {TZ (XAY) , ZAW) = 2 (Rm (X, Y) W, Z) 

for tangent vectors X, Y, Z, W. Let {/j, a (TZ) < • • • < /ijv } a= i, where N = 
n(n — l)/2, denote the eigenvalues of Riemannian curvature operator TZ. We 
have the following definition: 

Definition 1.1 (2-positive curvature operator). A Riemannian manifold 
(M n ,g) has 2-positive curvature operator if 

fi a (TZ) + up (TZ) > (1) 
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for arbitrary a / (3. 

Remark 1. The 2-nonnegative curvature operator is defined in the obvious 
way with > replacing > in (1). 

In this paper, we will consider a generalization of the 2-nonnegative cur- 
vature, which is named as (Ai, A2)-nonnegative curvature operator. It relies 
on three eigenvalues of Riemannian curvature operator 7Z. Let {w a } a=1 be 
an orthonormal basis of eigenvectors of 1Z in so(n) with corresponding eigen- 
values fii < H2 < ■ ■ ■ < Vn, where N = n(n — l)/2, and let 

A = {(x,y)e [0, 1] x [0,l]|0<y<x< 1,0 < l-(x + y)y<x< 1}, 

then as Definition 1.1, the definition of (Ai, A2)-nonnegative curvature oper- 
ator is given as follows: 

Definition 1.2 ((Ai, A2)-nonnegative curvature operator). For any 2 pa- 
rameters (Ai,A2) € A, the curvature operator 1Z is called as one (Ai,A2)- 
nonnegative curvature operator on Riemannian manifold (M n ,g) if 1Z G 
C\ u \ 2 , where 

r _ /t? Ci,Ai,A 2l «,ft T (^) > (Ai,A 2 )eA \ ( ) 

XlM 1 C 2 , Al , W (K) > ' VI < a < /3 < 7 < N J ' [Z) 

where 

Cl ) A 1 ,A 2 ,o,/3,7 {ty = Ttaa + MTZ/3/3 + ^TZ-y-y, 
C2,Ai,A 2 ,a,/3 = MTZaa + (1 ~ (Al + A 2 ) A 2 ) Tlpp 

and 

7Z aa = 1Z (iO a , LO a ) = [L a . 

Remark 2. The (Ai, A2)-positive curvature operator C£ X2 is defined in 
the obvious way with > replacing > in (2). 

Remark 3. It is easy to see that for the fixed Ai, let 

A 2 ^ g 

such that (Ai,A2) £ A, then we obtain that the (Ai, A2)-nonnegative curva- 
ture operator turns into nonnegative curvature operator (see Theorem 2.2 
for details). 

Moreover it turns into 2-nonnegative curvature operator in [5] if Ai = 
1,A 2 = 0. In fact this curvature is an Interpolating curvature condition 
between nonnegative and 2-nonnegative curvature. Actually it can be seen 
in section 2 that 

P| C XlM = {K\K aa >0,Vl<a<N} 

(Ai,A 2 )eA 
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and 

|J C XlM = {K\K aa + Kw>0,Vl<a</3<N}. 

(Ai,A 2 )eA 

Remark 4- But the (Ai, A2)-nonnegative curvature operator is not always 
equal to 2-nonnegative curvature. For example, 

(Ai,A»)=(|.|). 

or more generally when Ai > 1 — (Ai + A2) A2, the curvature operator 72n = 
—1, 72.22 = 1) • " which satisfies 2-nonnegativity is not (Ai, A2)-nonnegativity. 
Now we formulate one of the main results of this paper as follows: 

Theorem 1.3 (Weak maximum principle for (Ai, A2)-nonnegativity). Let 
(M n ,g(t)), t € [0, T), be a solution to the Ricci flow on a closed manifold. If 
the curvature operator 72(g(0)) is (Ai, \2)-nonnegative, then for any < t < 
T the curvature operator lZ{g{t)) is also (Xx^X^-nonnegative. 

Remark 5. Since when Ai = 1,A2 = 0, the (1, 0)-nonnegative curvature 
operator turns into the well known 2-nonnegative curvature operator defined 
by Bohm and Wilking in [5], as a corollary of Theorem 1.3 we obtain the 
invariance of 2-nonnegative curvature along the Ricci flow again: if the cur- 
vature operator TZ(g(0)) is 2-nonnegative, then for any t > the curvature 
operator 1Z(g(t)) is also 2-nonnegative. 

Moreover by using weak maximum principle for (Ai, A2)-nonnegativity, we 
also derive a useful strong maximum principle for (Ai, A2)-nonnegativity: 

Theorem 1.4 (Strong maximum principle for (Ai, A2)-nonnegativity). Let 
(M n ,g (t)), t € [0, T), be a solution to the Ricci flow on a closed manifold. If 
the curvature operator IZ(g(0)) is (Ai, \2)-nonnegative, then 

(i) For any < t < T the curvature operator lZ(g(t)) is either nonnegative 
or (Ai, A2) -positive. 

(ii) //C L 

Ai,A2,a,/9,7 (72(5(0))) is positive at a point xq in M n , then 

Ci, Al ,w,7 (k(j(1>o 

everywhere for any < t < T. Furthermore, if C2,\ 1> \ 2>a ,p (72(^(0))) is posi- 
tive at a point xq in M n , then 

C2MM, a ,f} (K(g(t)))>0 
is also positive everywhere for any < t < T. 

Then as a corollary of Theorem 1.4, we also have the following strong 
maximum principle for (Ai, A2)-nonnegativity: 
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Corollary 1.5. Let (M n ,g(t)), t € [0, T), 6e a solution to the Ricci flow on 
a closed manifold. Suppose that the curvature operator lZ(g(0)) is (Ai, A2)- 
nonnegative, iflZ(g(0)) is (Ai, A2) -positive at a point xq in M n , thenlZ{g{t)) 
is (Ai, X-ij-positive everywhere for any < t < T . 

On the other hand, in [5] Bohm and Wilking also derive a convergence 
result of 2-positive curvature along the Ricci flow: on a compact manifold the 
normalized Ricci flow evolves a Riemannian metric with 2-positive curvature 
operator to a limit metric with constant sectional curvature. 

Then by using 

(J C$ lM ={n\K aa + K f) f,>0,Vl<a<P<N} 

(Ai,A 2 )eA 

which is proved in section 2 we have 

Cj jAa C {TZ \R aa + K Pf) > 0, VI < a < f3 < N} 

for arbitrary (Ai,A2) S A. Thus by using Theorem 1.4 we derive a conver- 
gence result of (Ai, A2)-positive curvature along the Ricci flow: 

Corollary 1.6. Let (M n ,g(t)), t E [0, 00), be a solution to the normalized 
Ricci flow: 

^ = -2Rc(g) + -rg 
ot n 

on the closed manifold M n and (Ai, A2) G A. If the curvature operator 7Z(g(0)) 
is (Ai, \-i)-nonnegative and ( Ai, A2) -positive at a point in M n , then the nor- 
malized Ricci flow evolves the Riemannian metric to a limit metric with 
constant sectional curvature. 

The paper is organized as follows. In section 2, we present some prelimi- 
naries. In section 3, we prove Theorem 1.3 by directly calculating. In section 
4, we prove the strong maximum principle for the (Ai, A2)-nonnegativity 
along Ricci flow. Based on this, we also obtain a rigidity property of mani- 
folds with (Ai, A2)-nonnegative curvature operators. 

2. Preliminaries 

Recall that for an orthonormal basis {y a }a=i °f A 2 T*M n = so (n), where 
so (n) denotes the anti-symmetric matrix algebra and the structure constants 
for the Lie bracket are given by 
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which is anti-symmetric in all 3 components. 

For the Lie algebra A 2 T*M n , let J^tm™ denote the symmetric bilinear 
functional on A 2 TM n , then we have the following sharp product operator # : 

^A 2 TM n x ^A 2 TM™ ~> ^A 2 TM™ : 

(A#B) a p = (A#B) (<p a , <pp) = ^4 e A jS B ve , 

where {<p a }a=i * s the the dual orthonormal basis of A 2 TM n , A and B are the 
symmetric bilinear functionals on A 2 TM n such that Ay§ = A(ip^,ips) and 
B n Q = B (ip v , ipg), and also let A# denote Aj^A. 

In this paper, we need to use the following famous maximum principle for 
symmetric 2-tensors proved by Hamilton [7]: 

Lemma 2.1 (Maximum principle for symmetric 2-tensors). Let g{t) be a 
smooth 1 -parameter family of Riemannian metrics on a closed manifold M n . 
Let a (t) be a symmetric 2-tensor satisfying 

d 

g^a > \( t )a + V X (t)a + /3, 

where X (t) is a time- dependent vector field and 

f3(x,t) = f3(a(x,t),g(x,t)) 

is a symmetric 2-tensor which is locally Lipschitz in all its arguments. Sup- 
pose (3 satisfies the null- eigenvector assumption and that if A^ is a non- 
negative symmetric 2-tensor at a point (x, t) and if V is a vector such 
that AijVi = 0, then 

fa (A,g)V i V j > 0. 
If a (0) > 0, then a (t) > for all t > as long as the solution exists. 

Moreover for the (Ai, A2)-nonnegative curvature operator C\ lt \ 2 , we have 
the following interesting property: 

Theorem 2.2. Let 

A = {{x,y) e [0,1] x [0,l]|0<y<x< 1,0 < l-(x + y)y<x< 1} , 
then we have 

H C XlM = {K\H aa >0,Vl<a<N}, (3) 

(Ai,A 2 )GA 

(J C MM = {n\n aa + Tl^>0^l<a<p<N}. (4) 

(Ai,A 2 )GA 

and 

(J c+ X2 = {n\n aa + n^>o,yi<a<p<N} (5) 

(Ai,A 2 )gA 
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Proof. Firstly we prove (3). For any 

TZ G {K\K aa > 0,V1 < a < N}, 

we have 

Haa + + A 2 7£ 77 > 

and 

Ai7e aQ + (1 - (Ai + A 2 ) A 2 ) Kpf, > 
satisfy for arbitrary l<a</3<7<iV and (Ai, A 2 ) G A, which implies 1Z G 
Cai,a 2 - Thus 

{n\n aa > o,vi < a < n} c c MM 

for arbitrary (Ai,A 2 ) G A. Conversely, we consider a fixed Ai, since 



(6) 



< 



\\ + 4 - Ai 



< 1 



+ 4 + Ai 



and for sufficiently large Ai 



we have (Ai, A 2 ) G A if 



^/Ai+4 + Ai 



< Ai, 



A 2 - 



^\\ + A- Ai 



is sufficiently small. Note that for any 1Z G f] C\ lt \ 2 , we have 1Z G 

(Ai,A 2 )eA 

Aa if (Ai, A 2 ) G A, it follows that 

\iK aa + (1 - (Ai + A 2 ) A 2 ) Kpp > 
for arbitrary 1 < a < (3 < N, which implies that 

Ai 

for the above arbitary (Ai, A 2 ) G A. Then let 



+ 4- Ai 



such that (Ai,A 2 ) G A, we have 

1 - (Ai + A 2 ) A 2 -> 0, 
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which implies TZ\\ > 0. Since Hn < 7£ 22 < ■ ■ ■ < T^-nn, it follows that 
K G {K\K aa > 0,V1 <a<N}. 

Thus 

P| C AiiA2 c{K\K aa > 0, VI <a<iV}. (7) 

(Ai,A 2 )GA 

By using (6) and (7) we complete the proof of (3). 

Then we prove (4). For any (Ai, A2) G A, if TZ G C\ u \ 2 we have 

Ai7e aQ + (1 - (Ai + A 2 ) A 2 ) 7^ > 

for arbitrary 1 < a < j3 < N. By the definition of A we have 

TZ aa + Upp = t (Ai7^ aQ + XiRps) 
M 

> XiK aa + (1 - (Ai + A 2 ) A 2 ) n pp 

> 0. 

Hence 

C Xl ,x 2 C {KlKca + llw >0,V1 < a < < N) 
for any (Ai,A 2 ) G A, which implies 

(J C XlM d{TZ\TZ aa + n BB >^l<a<P<N}. (8) 

(Ai,A 2 )eA 

Conversely, when Ai = 1,A 2 = 0, the (1, 0)-nonnegative curvature operator 
C lfi = {TZ \K aa + > 0, VI < a < < TV } , 

which implies 

U C Xl ,\ 2 DC lfi = {K\K aa + K 8 8>0,Vl<a<f3<N}. (9) 

(Ai,A 2 )eA 

By using (8) and (9) we complete the proof of (4). 

The proof of (5) is similar with the proof of (4). We only need to note 

TZ aa + TZrr = t (XilZ aa + XiTZbb) 
M 

> \\K aOL + (1 - (Ai + A 2 ) A 2 ) Kbb 
>0, 

and when Ai = 1, A 2 = 0, the (1, 0)-positive curvature operator 
C lfi = {11 \Tl aa +K fi f } >0,Vl<a<p<N}. 

□ 
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3. Lemmas And Proof Of Theorem 1.3 

In this section, we prove Theorem 1.3. Firstly recall that the following 
maximum principle established by Hamilton, Chow and Lu (see [6] and [7]) is 
very useful in the Ricci flow: 

Lemma 3.1 (Maximum principle for convex sets). Let (M n ,g (t)) be a solu- 
tion to the Ricci flow and let K (t) C E = A 2 M n 0s A 2 M n be subsets which 
are invariant under parallel translation and whose intersections K (t) x = 
K (t) n E x with each fiber are closed and convex. Suppose also that the 
set {(v,t) G E x [0, T) \v G K (t)} is closed in E x [0, T) and suppose the 
ODE dM/dt = M 2 + M* has the property that for any M (t ) G K {to), we 
have M{t) G K (i) for arbitrary t G [t ,T). Then if K{0) G K{0), we 
have 1Z {t) G K {t) for arbitrary t G [0, T). 

Then we present the following lemma which is used in the proof of Theo- 
rem 1.3: 

Lemma 3.2. Suppose {M n ,g) is a Riemannian manifold, and let C\ lt \ 2 
denote the convex cone of {X±, \i)-nonnegative curvature operators. Then 
C\ lt \ 2 is preserved by the ODE dlZ/dt = 1Z 2 + 7Z#. 

Proof. Note that the convexity and invariance under parallel translation 
of C , a 1 ,a 2 are obvious (see [6]). Hence we only need to show that Ca 15 a 2 is 
preserved by the ODE dTZ/dt = 1Z 2 + 11*. 

Let {co a }^ =1 be an orthonormal basis of eigenvectors of 1Z in so{n) with 
corresponding eigenvalues fi±{TZ) < H2{TZ) < • • < / i Af(^-)> where N = 
n{n — l)/2. If there exists some point xq G M n and time to such that 
fii{TZ{xo,to)) > 0, and note that it is obvious that 1Z 2 + 1Z* satisfies the 
null-eigenvector assumption (see [6]), then by using the maximum principle 
Lemma 2.1 we have 

< Mi (K(x, t)) < H2 {TZ{x, t)) < ■ ■ ■ < n N {TZ{x, t)) 

for any {x,t) G M n x [to,T), which is equivalent to lZ{t) > when t > 
to- Then by Theorem 2.2, we have 1Z{t) is (Ai, A2)-nonnegative, which com- 
pletes the proof. 

Hence in the proof we only need to consider the time interval such that 
/j,i{lZ{x,t)) < 0. If for this case we can also prove that lZ(t) is (Ai,A2)- 
nonnegative, then by the discussion before we complete the proof. 

Let n a = 1Z {uj a ,uj a ) = 7Z aa , then it follows from Hi{1Z) < ^{TZ) < • • • < 
Mjv(7£) that 7£ii < 7^-22 < • • • < TZnn- Thus 

lZ aa (t) + Aiftflg (t) + A 2 ^ 77 (t) 



> TZu (t) + Ai^ 22 (t) + A 2 ^ 33 (t) 
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and 

Xi1Z aa (t) + (1 - (Ai + A 2 ) A 2 ) 1Z m (t) 

> XiRu (t) + (1 - (Ai + A 2 ) A 2 ) K 22 (t) 

for arbitrary t > and l<a</3<7<iV. 
Hence we only need to prove 

K n (t) + \{R 2 2 (t) + X 2 1Z 33 (t) > 

and 

XiHu (t) + (1 - (Ai + A 2 ) A 2 ) 1Z 22 (t) > 

are preserved by the ODE dlZ/dt = IZ 2 +1Z*. This is equivalent to that R 2 + 
R* lies inside the tangent cone of the convex cone C\ 1 1 \ 2 for R € dC\ x t \ 2 . Thus 
we only need to prove the following claim: 

Claim 3.3. (i) // 

TZaa + XiTZ/3/3 + X 2 1Z^ = 

and 

X 1 K aa + (1 - (Ai + A 2 ) A 2 ) Kpp > 
for arbitrary l<a<(3<^f<N and (Ai, A 2 ) € A, then 

( iz 2 + iz*) + Ai (iz 2 + iz*) + a 2 (iz 2 + IZ*) > 0, 

V /ll V /22 V / 33 

where (1Z 2 + 1Z*) aa = (ll 2 + IZ*) (co a ,uo a ). 
(ii) // 

IZaa + XilZ/3/3 + X 2 1Z^ > 

Ai7e aa + (1 - (Ai + A 2 ) A 2 ) ^ = 
for arbitrary l<a<(3<~/<N and (Ai, A 2 ) € A, then 

A x (iZ 2 + + (1 - (Ai + A 2 ) A 2 ) (iZ 2 + 1Z*^j ^ > 0. 

Proof of Claim 3.3. (i) By calculating 

(iz 2 + rc#) u + A, (iz 2 + ^#) 22 + A 2 (iz 2 + ^#) 33 



M? + Aim! + A 2 ^| + 2 £ ((cf ) + Ai (cf ) + A 2 (cf ) j W 



(10) 
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We only need to prove the right part of (10) is nonnegative. In fact 

e ((cf ) 2 + Ai (cf y + a 2 (cf yy a ^ 

= E (cf 3 ) + E A l (c^) + E A 2 (c^) 

2<«</3 V 7 l<a</3 V 7 l<a</3 V 7 

= E ( c f) ^2At/3 + Ai X] (c^j Mi/X^ + A 2 (4 2 ) 2 /ii/i 2 

/3>2 v 7 /3>2 v 7 

+ A 2 E ( C \ P ) + ^2 E ( c 3^ ) /W + E ( c l /3 ) ^3^/3 

/3>3 V 7 /3>3 V 7 /3>3 V 7 

+ E ( c l^) Ma/^/3 + Al £ (cjf ) /i 3 /^i + Ai £ (c^J 

4<o</3 V 7 /3>3 V 7 4<a</3 V 7 

+ A 2 E ( c 3 /3 j 

4<o</3 v 7 

= E ( C T ) (M2 + Al/il) + (cf) 2 (/X 2 /i 3 + Ai^i/i 3 + A 2 /Xi/i 2 ) 

/3>3 V 7 



+ E ( c i ) G"3 + A 2 //i)^ + E (c 2 ) (A1M3 + A 2) u 2 ) M/3 

/3>3 V 7 /3>3 V 7 

2 / a \ 2 



4<o</3 V 7 4<a</3 V 7 4<o<,3 V 7 

Hows from the definition of A that 

M2 + Ai/ii > (1 - (Ai + A 2 ) A 2 ) jjL 2 + Ai/ii > 0, 



thus 

/3>3 



(M2 + A im )^>0. (11) 

Since 



/"2/^3 + Ai^i/i 3 + A 2/ Ui/i 2 

= A 2/ u 2 (/ii + (Ai + A 2 ) nz) + /x 3 ((1 - (Ai + A 2 ) A 2 ) fj, 2 + Xifii) 
> A 2/ u 2 (/ii + A^ 2 + A 2 /z 3 ) + /i 3 ((1 - (Ai + A 2 ) A 2 ) n 2 + Ai^i) 
>0, 

it follows that 

(cf ) (ju 2 £j 3 + Ximn3 + A 2 /ii/i 2 ) > 0. (12) 

Moreover, by the discussion at the beginning of the proof, we only need 
to consider the time interval such that ni(TZ(x,t)) < 0. Then it follows from 
the definition of (Ai, A 2 )-nonnegative curvature operators that we actually 
have 

m(K(x, t))<0< /i 2 (7e(x, *))<•••< fi N {K{x, t)), 
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then 

M3 + A 2 £il > nz + > H2 + A1/X1 > 0, 

which is to say 

^(cf) 2 (/i 3 + A 2Ai i)^>0. (13) 



/3>3 

We also have 



E ( c 2^) (Al^3 + A 2 ^2) + E (cf 3 ) M«M/3 
/3>3 v 7 4<o< / 3 v 7 

+Al E ( c 2^) + A 2 E ( c 3 /3 j MaM/3 > 0. 

4<a</3 v 7 4<a</3 v 7 

Hence (11), (12), (13) and (14) lead to 

a</3 ^ 7 

(ii) Let 7 = Ai and 5 = 1 — (Ai + A 2 ) A 2 , by calculating 

Ai (ft 2 + 7e#) n + (i - (Ai + a 2 ) a 2 ) (n 2 + n#) 22 

= W l + Sni + 2 jC (t (cf ) 2 + <5 (cf ) 2 ) HoH 
We only need to prove the right part of (15) is nonnegative. In fact 
E 7 



= 7 E (c^) E f^) Ma 

2<a</3 K 7 l<a</3 v 7 

= 7 E M2M/3+<5 E (C2J MlM/9 + 7 E ( C 1^J Ma 

/3>2 V 7 /3>2 V 7 3<a</3 V 7 

2 



. — ^ / rvrt \ 

M/3 



+5 J2 (C 2 ) M«M/3 

3<a</3 



= E fcf) (7^2 + ^1)^/3 + 7 E (<% P ) MaM/3 
/3>2 V 7 3<a</3 V 7 

+5 J2 (cf) MaM/3 

3<a</3 



= 5 E ( C Y) (?M2 + Ml) A*/3 + 7 E ( c l' 9 ) Ma 

f3>2 v 7 3<a</3 v 7 

+<5 E (c^J MaM/3 
3<a</3 K 7 



(14) 



(15) 
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Since 7 = Ai > 1 — (Ai + A2) A2 = 5 > 0, we have 

M«M/3 

> * E f Cl' 3 ) (=M2 + Ml) M/9 + 7 E (ci^) MaM/3 
/3>2 V 7 V 7 3<a</3 V 7 

+(5 J2 (df) MaM/3 



3<a</3 

> 0. 



□ 
□ 



Now the Theorem 1.3 follows from Lemma 3.1 and 3.2 easily. 



Proof of Theorem 1.3. By using Lemma 3.1 and 3.2, we can derive directly 
the weak maximum principle for (Ai, A2)-nonnegativity, which completes the 
proof of Theorem 1.3. □ 

4. Proof of the Strong Maximum Principle 
for (ai, a 2 )-nonnegativity 

Proof of Theorem 1.4. First by Theorem 1.3 we have that lZ(g{t)) is also 
(Ai, A2)-nonnegative for all t > 0. We will prove (ii) firstly. 

Proof of (ii). As the discussion in the proof of Theorem 1.3, we only need 
to consider the case that (a, 7) = (1,2,3). Firstly we prove the result 
for C , i ) A li A 2 ,a,/3,7 (ft)- Given a smooth nonnegative function ip (x) satisfying 

, v < Mi (ft (x, 0)) + Ai^2 (ft (a, 0)) + A 2/ U3 (ft (a, 0)) 
99(Xj " 1 + A 1 + A 2 

for all x € M n . We also assume that there exists xq € M n such that 

Mi (ft (so, 0)) + A i^2 (ft (x , 0)) + A 2M3 (ft (so, 0)) 
" 2(1 + A 1 + A 2 ) 

Let f(x,t) be a solution to 

such that / (x, 0) = if (x), and define 

ft (s, t) = n (x, t) + (ee At - f (x, t)) id A 2 (x) 
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where e > 0. Then for A sufficiently large and by the Ricci flow equation, we 
can prove that (see [6]) 

d 

—TZ > ATZ + TZ 2 + TZ* (16) 

for e G (0, e~ AT ] . Moreover, when t = 0, if follows that 

TZ (x, 0)=TZ (x, 0) + (e - f (x, 0)) id A 2 (x) = TZ (x, 0) + (e - if (x)) id K 2 (x) . 

Then by using the definition of tp (x) we have 

(n {x, o)) n + x 1 (n ( X , o)) 22 + a 2 (6 (*, o)) 33 

= mi (^ (x, 0)) + Ai^ 2 (ft (x, 0)) + A 2 ^ 3 (ft (x, 0)) - (1 + Ai + A 2 ) (x) 

+ (1 + Ai + A 2 )e 
>0, 

By using the maximum principle Lemma 2.1 to (16), we can get 

(n (x, «)) + A i (ft (&> *)) 22 + A 2 (ft {x, *)) 33 > o 

for all t > 0. Then taking the limit as e — >■ 0, we conclude that 

/xi (ft (x, t)) + A1M2 (ft (x, 0) + A 2M3 (ft (x, i)) 
- (1 + Ai + A 2 ) / (x, t) id A 2 (x) > 

for arbitrary (x,t) G M n x [0,T). 

On the other hand, since f(x,t) is a solution to the parabolic equation 

dt J J 

such that /(xo,0) = tp(xo) > 0, by the strong maximum principle for the 
parabolic equation we have f(x, t) > for arbitrary (x, t) G M n x (0, T). Hence 

Mi (ft (x, t)) + A1M2 (ft (x, «)) + A 2 M3 (ft (x, 0) > 
for arbitrary (x,t) G M n x (0,T). 

To prove the similar result for C 2i A 1 ,A 2 ,a,/3 (ft); we om y need to select a 
smooth nonnegative function ip' (x) satisfying 

AiMi (ft (x, 0)) + (1 - (Ai + A 2 ) A 2 ) M2 (ft (x, 0)) 



iff (x) < 
G M n an 
¥>' (xi) > 



A 1 + (l-(Ai + A 2 )A 2 ) 
for all x G M n and there exists x\ G M n such that 

AiMi (ft (xi, 0)) + (1 - (Ai + A 2 ) A 2 ) /i 2 (ft (si, 0)) 



2(A 1 + (1-(A 1 + A 2 )A 2 )) 
We can also select a solution to 

% = Af- A'f 
dt J J 
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f'(x, t) such that /' (x, 0) = if' (x), and define 

ft' (x, t) = ft' {x, t) + (V e A '* - f (x, i)) id A 2 (x) 
where e' > 0. Then the left proof is similar to the one for Ci,Ai,A 2 ,a,/3,7 (^)- 

Proof of (i). If g(0) is (Ai, A2)-nonnegative everywhere in M n and (Ai,A 2 )- 
positive at a point in M n , then by (ii), g(t) is (Ai, A2)-positive everywhere 
for < t < T. Otherwise without loss of generality we only need to consider 
the case that for some < < T such that 

Aii (ft (x , to)) + AiAi 2 (ft (x , t )) + A 2 ^ 3 (ft (x , *o)) = (17) 

or 

AiAii (ft (x , t )) + (1 - (Ai + A 2 ) A 2 ) fx 2 (ft (x ,t )) = (18) 
at point xo, then we consider these two cases: 

If (17) satisfies, by (ii), we have 

Aii (ft (x, t)) + Ai/i 2 (ft (x, t)) + A 2 /i 3 (ft (x, t)) = 

for arbitrary (x,t) € M n x [0, to]- We will prove the following result: 

A/i (ft (x, t)) = Ai 2 (ft (x, t)) = Ai 3 (ft (x, *)) = (19) 

for arbitrary (x,t) € M n x [0, to]- 

To prove (19), we consider any (x,t) £ M n x (0, to]- Let wi,u; 2 and w 3 
be unit 2-forms at (x,t), which are eigenvectors for ft(x,t) correspond- 
ing Ail (ft (x, i)) , At 2 (ft (x, t)) and ^{JZ(x,t)) respectively. Parallel trans- 
late (jj\,(jj2, and ujs along geodesies emanating from x with respect to <?(t) to 
define wi,o; 2 and w 3 in a space-time neighborhood of (x, t), where wi, cj 2 and w 3 
are independent of time (see [8]) . By matrix analysis (see [8]) we can obtain 
that for arbitrary (x,t) G M n : 

1Z(uJi,ui) + A]ft (w 2 ,w 2 ) + A 2 ft(w 3 ,u; 3 ) 
J ft^^O + Aift^^V^O + A.ft^,^)!^^^, 1 (20) 
I INI = \\Vj\\ = \\V k \\ = 1,1 < < TV /' 

where ||-|| denotes the metric for the space A 2 TM n . Since the curvature 
operator ft is actually a linear operator of A 2 TM ra , by using Uhlenbeck 
trick, we can prove the metric is invariant along the Ricci flow (see [7] for 
details). This implies that wi,w 2 and w 3 are also unit vectors in the space- 
time neighborhood of (x,i), then by (20) we have 

(R(uji,uji) + Aift (w 2 ,w 2 ) + ^2ft(^ 3 ,^ 3 )) (x',f) 

> Aii (ft (x', t')) + AiAi 2 (ft (x', f )) + A 2 Ai 3 (ft (x', f )) 
= 
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for arbitrary (x',t') G M n x [0, to]- On the other hand, for arbitrary (x,t) G 
M n x [0,t ], we have 

(1Z (wi,u>i) + AiW(w 2 ,w 2 ) + A 2 W(w 3 ,u; 3 )) 

= mi (W (x, t)) + Ai^2 (W (x, t)) + A 2 Ms (W (x, *)) 
= 

then it follows that at (x,t): 
d 

> — CR,(ui,ui) + Ai7£(w 2 ,w 2 ) + A 2 ^(o; 3 ,a;3)) 

J^wj (cji, ui) + Ai f (^2, w 2 ) + A 2 f ( w 3, w 3 ) 

= (AW + W 2 + W # ) (wi, wi) + Ai ^AW + W 2 + W # ) (wa, W2) 

+ A 2 (AW + V 2 + W # ) (w 3 , w 3 ) 
= A (1Z (oji, wi) + Ai W (w 2 , w 2 ) + A 2 W (w 3 , w 3 )) + W (ft) 2 + A1M2 (W) 2 

+ A 2/ u 3 (W) 2 + W # (wi, wi) + AiW # (wa, W2) + A 2 W # (w 3 , w 3 ) 
> m {TZ) 2 + Ai^ 2 (W) 2 + A 2 ms (w) 2 , 
where to obtain the last inequality we used 

E ( { c f) 2 + A i { c f) 2 + A 2 ( c f) 2 ) W > 0, 

a<(3 A / 

and the fact by (20) that 

1Z (ui,u)i) + AiW (uj 2 , oj 2 ) + A 2 W (w 3 , w 3 ) > 
for arbitrary x' / x, while at (x, t) is 0. Hence 

Mi (W (x, t)) = fi 2 {TZ (x, t)) = Ms (W (x, *)) = 

for arbitrary (x,t) G M n x [0,io]> which implies that 7Z(x,t) > for ar- 
bitrary (x,t) G M n x [0,t ]. Since W 2 + K* satisfies the null -eigenvector 
assumption, then by Theorem 2.1, 7Z(x,t) > is preserved under the Ricci 
flow, thus we have 7Z(x,t) > for arbitrary (x,t) G M n x [0,T). 

If (18) satisfies, by (ii), we also have 

AiMi (W (x, t)) + (1 - (Ai + A 2 ) A 2 ) M2 (W (x, t)) = 

for arbitrary (x,t) G M n x [0, to]- As the proof of (19) under the condi- 
tion (17), we consider any (x,t) G M n x (0, to]. Let wi and w 2 be unit 2- forms 
at (x,t), which are eigenvectors for 7Z(x,t) corresponding Mi {1Z(x,t)) and 
M2 {TZ(x,t)) respectively. Parallel translate oj\ and u; 2 
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along geodesies emanating from x with respect to g(t) to define uj\ and w 2 
in a space-time neighborhood of (x,t), where ui\ and w 2 are independent of 
time. By matrix analysis we also have 

AiTe (wi, wi) + (1 - (Ai + A 2 ) A 2 ) ft (wa, W2) 
_ f A 1 ^(^,y i ) + (l-(Ai + A 2 )A 2 )^(^,^)|^J_y j , \ (21) 
" I \\Vi\\ = \\Vj\\ = 1,1 <i,j<N /' 

where ||-|| also denotes the metric for the space A 2 TM n . By the same reason 
after (20) we also have oj\ and u; 2 are also unit vectors in the space-time 
neighborhood of (x,t), then by (21) we have 

(X 1 TZ (wi, wi) + (1 - (Ai + A 2 ) A 2 ) K {uj 2 , u> 2 )) (x', t') 

> Ai/ii (ft (*', 0) + (1 - (Ai + A 2 ) A 2 ) ii 2 (ft {x f , 0) 
= 

for arbitrary (x',t') <G M n x [0, to]- On the other hand, for arbitrary (x,t) € 
M n x [0,t ], we have 

(Aift (wi, wi) + (1 - (Ai + A 2 ) A 2 ) ft (002, 002)) (x, t) 

= Ai/xi (ft (x, t)) + (1 - (Ai + A 2 ) A 2 ) fi 2 (ft (x, t)) 
= 

then it follows that at (x,t): 

> Ai (^.K) (wi.wi) + (1 - (Ai + A 2 ) A 2 ) (wa, wa) 

= Ai (Aft + 1Z 2 + ft # ) (wi, wi) 
+ (1 - (Ai + A 2 ) A 2 ) (Aft + ft 2 + ft # ) (W2, W2) 



= A (Aift (wi, wi) + (1 - (Ai + A 2 ) A 2 ) ft (w 2 , w 2 )) + Ai^i (ft) 5 
+ (1 - (Ai + A 2 ) A 2 ) ii 2 (ft) 2 + XrlZ* (wi, wi) 
+ (l-(Ai + A 2 )A 2 )ft # (W2,W2) 

> Ai/X! (ft) 2 + (1 - (Ai + A 2 ) A 2 ) M2 (ft) 2 , 
where to obtain the last inequality we used 

a</3 ^ ' 

and the fact by (21) that 

Aift (wi, wi) + (1 - (Ai + A 2 ) A 2 ) ft (W2, w 2 ) > 



AN INTERPOLATING CURVATURE CONDITION PRESERVED BY RICCI FLOW 17 

for arbitrary x' ^ x, while at (x,t) is 0. Hence we also derive (19). As 
the proof of (19) under the condition (17), we obtain TZ(x,t) > for arbi- 
trary (x, t) € M n x [0, T). □ 

Let {w a }^ =1 = {eiKej} i< - be an orthonormal basis for so(n), where 
each a corresponds to a pair with i < j. We then present an inter- 

esting property of (Ai, A2)-nonnegative curvature operators TZ as following: 

Theorem 4.1. The manifolds with (Ai, \i)-nonnegativity have nonnegative 
scale curvature Seal (TZ), and with equality if and only ifTZ = 0. 

Proof. We compute 

N 

Tr(TZ) = ^(TZ 

a=l 



V] (TZ (eiAej) , eiAej) 



i<j 
hi 

= l -Tr(Rc(lZ)) 
= ^Scal (TZ) . 

On the other hand, since TZ is (Ai, A2) nonnegative we have 
< ^2 Ttaa + Ai TZpp + A 2 7^, 77 

= (N - 1) (N - 2) (1 + Ai + A 2 ) Tr (TZ) 

= i (N - 1) (N - 2) (1 + Ai + A 2 ) Seal (TZ) , 

that is Scal(TZ) > 0. Hence if Seal (TZ) = 0, then it follows from (Ai,A 2 )- 
nonnegative TZ aa + XiTZpp + A 2 7?. 77 > that TZ aa + \\TZpp + A 2 7?. 77 = 0, for 
all 1 < a < f3 < 7 < N. Since TZ\\ < < TZ22 < • • • < TZnn, we have 7?. aQ; = 
for any 1 < a < iV. □ 
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